Lecture 2F. Complex eigenvalues

Det A complex pumber is o number of the form a+bi with o,belR

where 1 denotes the imaginory  square root of -I.
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eq. A"[—a 2} = PN =N —(2+2) A+ (22-3 (3) =N =4A+13

= A hos eigenvalues A=2E31

Prop Every complex vector V coan be umcbue\g written ag

V=Re(@W)+1tImV)
where Re(V) ond Im(V) are reol vectors .
Note (1) Re(V) and Im(V) are respectively called the real port and

the imoginary part of V.

() We often consider i pair with V=Re(¥)—tIm(V), called the

conjugate of V.
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Thm Let A be o square matrix whose entries are veal numbers .
It V is a complex eigenvector of A with eigenvalue A, then

V is o complex eigenvector of A with eigenvalue A



Thw TF o 2x2 wotrix A hos o complex eigenvector V with nonreal

eigenvalue A= a~bt, we have

A=PCP"

o -b

with C:{b N

} and P hoving Re(V), Im(V) os columns

Note (1) C is colled o scaled rotation motrix, since it con be written

os a wultiple of o rotation matrix. In foct, we have
cosO -sinb
C_r{sme cos@}
where r=\o'+b" ond © respectively denote the length and

awgle components for (a,b) in polar coordinates

N

02| _« ~_ | O-l|_ . [cos(m2) -sin(T/2)
eg. C= {2 D}—> C _2[I DJ_zlism(Tr/z) COS(W/Q)}
@ The negative sign for fhe imaginary port of A =o-bt is fo

ensure thot the rotation cm3|e for C goes counterclockwise .

3) Powers of A are described os follows :

A=PCP' = A"=PC"P" (o Lecture 25)

c= r[cos@ —s’m@} - Cw:rw[coSG —gmg}":rwlicos(ﬂe) —sin(n@)}

sin®  cosB sin® cosB sin(nB) cos(nB)

rotation by © rotafion by n®
iterated n times



Eﬁ Congider the matrix

-5
(1) Find all (complex) eigenvolues of A
Sol PN =N =(3=1) A+ (3(-N=5(-N) =XN=2\+2
= A hos eigenvalues
() Find o complex eigenvector for each eigenvalue of A

Sol Since A is o 2x2 wmatrix, it is odvisable fo solve the equation

AX=XX without computing RREF(A=AT).
For A= 1+1, we have

5X|_Xz:(|+t)X|
EXi— X = (1+1) Xy

We con find o solution by ovw|5 comsi&erma the first eaouaﬁow

= 2-UX=%
We set Xi=1 to obtain a solution YZ[J_J

For A=1+t, we fake the conjugate X= l:zjrj

Hence A has complex eigenvectors

I:ZLJ for A= I+1J and l:zjri} for A=1-1




3) Find an invertible wmotvix P ond a scoled rototion matvix with
A=PCP"

Sol The eigenvector VZ[zli} with eigenvolue A= 1—t yields

-]

Im(V)

4) Compute A”.

- 5 - B
Sol C= L 2 a2 - -2 C?S (T/4) -sin(T/4)
o I AP AP SiN(T/4)  <os(T/4)

(r=N2 and 6=T4 for (1,1}

0 20 [ COS(20-T/4) -Sin(20-T/4)
_> C _NE) Lm(zo-mm COS(QO-TT/AF)}

(0 _COS(S'IT) -Sin(5T)
LSM(B'IT) Cos (5Tr)

o cos(m) -sin(m)
_s‘m(m cos ()
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= A®= PC¥P = P(-2°1)P'=—2"PIP'=-2"T
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